Abstract-We propose a stochastic mathematical program for finding the optimal location and compensation level of thyristorcontrolled series compensators (TCSCs) and the optimal location of line switches in a transmission network. The combined uncertainty of the load and generation is captured by scenarios. The proposed problem has polynomial constraints, and we use the general linearization technique to linearize those constraints. The model becomes decomposable into a primal master and subprograms solvable by a branch-and-price procedure with the aid of column generation. The numerical results of implementing the model for the IEEE 118-bus test system show that combined investment in TCSCs and switches decreased the cost of energy and increased the penetration of wind energy more than individual investment of TCSCs or switches.
3) Parameters
Thermal limit of line l connected to buses m and n.
CRF
The capital recovery factor. ir
The interest rate.
LT
The lifespan of TCSC device in years.
T C T C S C m nl
Cost of installed TCSC on the transmission line l between buses m and n in USD. c
c S W m nl
Amortized cost of installed switch on the transmission line l between buses m and n ($/hr).
I. INTRODUCTION

C
URRENT and increasing penetration of renewable energy sources in the electricity market creates bottlenecks and congestion in a transmission network, thus preventing the optimal commitment of cheaper generation units. These bottlenecks are caused primarily by the convolution of uncertainties associated with the load and renewable generation as well as the geographic imbalance between the load and generation. An obvious but costly choice for mitigating these bottlenecks is to expand the network by building additional transmission lines. However, better economical alternatives to building new transmission lines exist that could enhance the operational capacity of an existing transmission network. These alternatives include installing switching equipment on certain lines, such that those lines could be switched on and off, or installing flexible AC transmission systems (FACTS) devices on selected lines to increase their flow capacity. These alternative enhancement approaches, when applicable for a network, are economically preferable to the expansion option because of the smaller capital investment and shorter implementation time.
The literature on enhancing the capacity of a network through line switching has shown that when some lines are optimally switched, the generation cost decreases. Optimally switching some lines is an operational issue; however, identifying the candidate lines to be equipped with a switch is a planning problem. For this planning problem, different types of mathematical programs have been proposed both with and without renewable generation [1] - [7] .
Enhancing the flow capacity of a network through placement of FACTS devices has received considerable attention in the literature. For this enhancement option, identifying the optimal location of the FACTS devices and optimally allocating the compensation provided by each FACTS device is a planning problem. In [8] , a genetic algorithm is used to find the location and level of compensation. In [9] , hybrid particle swarm optimization is used to determine the level of compensation of an installed FACTS. More examples of heuristic types of procedures applied to the FACTS location-allocation problem are found in [10] - [12] . References [13] - [15] proposed priority indices for finding the best location and settings for FACTS devices in the system. References [16] - [21] offered classical optimization algorithms to solve the location-allocation of FACTS device problem. Finally, in [22] and [23] exhaustive search algorithms are used to find the optimal location and setting of FACTS devices.
In this paper, we investigate the benefit of combining the two network enhancement options while considering the uncertainty associated with load and generation. To our knowledge, this combined problem has not been addressed in the literature although it is a natural extension of the network enhancement options. Specifically, we assume the generation uncertainty emanates from the integration of wind energy and develop a stochastic mixed-integer program to identify the combined optimal location of line switches and the location and amount of compensation provided by thyristor controlled series compensators (TCSCs). A TCSC is a series type of FACTS device that when installed is capable of improving the power flow, enhancing the voltage stability, and helping the transient characteristic of the transmission network [24] and [25] .
The solution space for the proposed optimization model is nonconvex. We employ a generalized linear relaxation method to alleviate the nonconvexity of the solution space by lifting the third order polynomial constraints into higher dimensional space and then projecting the relaxed solution onto the original space [26] and [27] . The structure of the resulting convex constraint set is such that it is more amiable to a primal rather than a dual decomposition approach for efficient solution of the model. The Dantzig-Wolfe decomposition procedure, along with a branch-and-price approach, is used to find the optimal solution to the combined enhancement problem.
The rest of this paper is organized as follows. In Section II first nonlinear version of the optimization model is presented followed by its linearized version. In Section III, the decomposition approach for solving the model along with the branch-and-price algorithm are presented. Section IV provides computational results for the IEEE 118-bus test case and its discussion. Finally, some concluding remarks are offered in Section V. It should be noted that throughout the paper the bold face characters represent the column vectors.
II. THE OPTIMIZATION MODEL FOR NETWORK FLOW ENHANCEMENT
The goal of this planning problem is to optimally identify a subset of transmission lines that are equipped with a switch and/or a TCSC and determine the compensation level of the installed TCSCs. The proposed optimization model will minimize the sum of the generation cost and the cost of installing and maintaining the switches and TCSCs. The deterministic DC approximation of the optimization model is presented by the mixed-integer nonlinear program (MINLP) defined by (1)- (14) . In [1] a similar DC approximation formulation has been introduced. However, in [1] , the authors consider only transmission switching not the combination of transmission switching and TCSC placement.
MINLP:
where Ξ = {θ, p, λ, u, z}. Equation (1) represents the objective function which minimizes the generation cost plus the investment cost of switches and TCSCs. Equation (2) ensures the active power conservation at each bus. While the transmission line is connected to the network, i.e., z m nl = 0, Equations (3) and (4) revert to Equation (15),
Equation (15) represents the power flow of each transmission line as a function of the angle difference of connected buses and the compensation level provided by a TCSC. The right-hand side of (15) consists of two parts. The first part is nonzero only when the line is selected for compensation, i.e., u m nl = 1; and the second part, i.e., b m nl (θ m − θ n ), applies to all transmission lines. Also, when a line is selected to be switched off, i.e., z m nl = 1 in Equations (3) and (4), the use of constant big M ensures the constraints are satisfied and thus relaxes the enforcement of zero angle difference. Constraint (5) limits the line flow to its thermal limit when the line is not switched off. However, for the uncompensated transmission lines, constraint (6) limits the line flow to the stability limit. The active power generation limit and the bus angle limit are considered in Equations (7) and (8) . A limit on the maximum level of compensation provided by a TCSC is specified by (9) . Equation (10) limits the number of TCSCs that can be placed in the system. Equation (11) limits the total number of transmission lines that can be switched. (12) ensures that either the line is switched off or is selected for compensation by a TCSC but not both. Equation (13) sets the reference bus phase angle to zero. Finally, expression (14) defines the sets of variables.
The constraint set of MINLP is nonconvex because constraints (3) and (4) are comprised of a product of three decision variables. To make these constraints linear, we apply third-order linearization [26] by introducing a new variable,
and then reformulating the constraints according to this new variable. In essence, we are lifting the third-order polynomial equation into a higher dimensional space to overcome the nonconvexity; and then the solution is projected back to the original space to obtain the polynomial equation solution. Since the new variable includes a binary variable, this substitution results in a disjunctive constraint set assuring that while the binary variable is zero, the new variable is also zero. In addition, since the compensation level is positive, the sign of ξ m nl and (θ m − θ n ) should be the same. Specifically, the following conditions needs to be satisfied:
Furthermore, |ξ m nl | should always be less than or equal to λ m ax |θ m − θ n |. The "if conditions" in Equations (16) and (17) and the absolute value function requirement can be linearized by defining and using a new binary variable σ m nl as shown in the following reformulation of MINLP as represented by mixed-integer linear program (MILP).
MILP:
where Ξ = {θ, ξ, p, z, λ, u, σ}. Equations (20) and (21) are the same as Equations (3) and (4) except in the MILP formulation the third degree polynomial is replaced by ξ m nl . Constraint (22) refers to constraints (5) through (13) of the MINLP formulation. Equations (23) and (24) Since the unit of the generation cost in the objective function is dollars per hour, the same units should be used for the cost of switches and TCSCs. For the investment cost of switching equipment in the numerical experiments, we use the amortization of $5/h for each switch as used in [7] . For TCSC investment cost, we use the estimate offered in [28] and [29] . This cost estimate is a function of TCSC reactance and the thermal limit of the transmission line that will be enhanced by the installed TCSC. Equation (32) to $/hr, we need to know the economic life span (LT ) of the TCSCs and the prevailing interest rate (ir). Assuming the LT is in years, ir is the percentage per year, and compounded interest is used, the expressions for the capital recovery factor (CRF) [30] and hourly conversion in Equation (34) convert the investment cost of TCSC to the hourly term.
To incorporate the consequences of load and generation uncertainty in the planning model, we use a set of probabilistic scenarios to account for potential combinations of demand and generation outcomes. The use of scenarios is an approximation since the joint probability distribution of load and uncertainty is most likely continuous and difficult to estimate. However, the scenario approach allows us to consider important possible outcomes with reasonable computational burden. Incorporating scenarios into the deterministic MILP model described above creates a two-stage stochastic program (SMILP). First-stage variables consist of decisions related to investing in TCSC and switching devices. Second-stage variables include operational decisions, e.g., status of the switch and level of compensation. Note that we consider the investment decisions to be made prior to the realization of scenario ω. Fig. 1 demonstrates the two-stage stochastic program framework.
In order to make the presentation of the model efficient, let L(ω) be the set of second stage decision variables in scenario ω 
where Ξ = {θ, ξ, p, z, λ, u, σ, ϕ T C , ϕ SW }. The objective function, Equation (35) , minimizes the investment cost of switches and TCSCs plus the expected value of the generation cost under all scenarios. Equations (36) and (37) (38) illustrates that the operational variables in all scenarios need to be in the feasible region of the MILP problem. Expression (39) represents the sets of variables. The solution of the above optimization model is not trivial because of the complexity of identifying the best candidate lines for adding either switches or TCSCs under different load and wind scenarios. We will decompose and solve the proposed model using the Dantzig-Wolfe [31] decomposition procedure. The Dantzig-Wolfe procedure has been employed by [6] and [7] in transmission planning problem with line switching.
III. DANTZIG-WOLFE DECOMPOSITION FOR SOLVING SLMIP
The structure of the SMILP formulation (35)-(39) permits decomposing the model into a master program and a subprogram for each scenario. Operational variables are determined in subprograms while investment decisions are obtained in the master program. The sets of master and subprograms are solved by using a branch-and-price method [32] . Branch-and-price is a hybrid of branch-and-bound and column generation. After solving subprograms, columns may be added to the master program feasible solution. The idea is to obtain a better bound when the relaxation is solved for the decomposed problem rather than the original formulation [31] . Following the model in [7] let for each scenario ω the sets Z(ω) and U (ω) be the sets of all vectors defining feasible switching and TCSC placement plans (FSTP) in the network. For each scenario, a new binary decision variable α {0, 1} is used for selecting one of the feasible points of the solution space. Since one solution must be selected, sum of αs needs to be equal to one. This representation of the FSCP is shown below.
where I(ω) is the index set for Z(ω) and U (ω). Note that decomposition results in increasing the number of variables. Therefore, a modified version, called a restricted master program (RMP) that is considered a subset of FSTP, is solved to reduce the computational burden. For each scenario ω in RMP, the sets Z (ω) ⊆ Z(ω) and U (ω) ⊆ U (ω) with the index set I (ω) are considered. The procedure is started with empty subsets for all scenarios. Each FSTP creates an optimal generation dispatch that is represented byp i (ω). Note that the operational decisions are fixed in the master program that is formulated as follows, MP: Fig. 3 . Convergence of the branch-and-price algorithm to the optimal answers for the three cases of Experiment 1.
where
In the branch-and-price algorithm a linear relaxation of RMP (LR-RMP) is solved; the dual prices μ(ω), β(ω), and ρ(ω) are obtained in each iteration. For an optimality check, a subprogram, called the pricing problem, for each scenario is solved to find the columns that can enter the basis and reduce the objective of the master program. Solving the subprogram requires obtaining the columns that have a negative reduced cost for α. The subprogram is formulated as follows, SP(ω):
s.t.
where Ξ S P = {θ, ξ, p, λ, σ, z, u}. If the objective function of the subprogram is negative, a new column is added to the FSTP. However, if the objective function of the subprogram is nonnegative for all scenarios, the optimal solution of the relaxed master program is obtained. Besides, if the solution of the relaxed master problem is an integer, the optimal switch investment and TCSC placement are obtained. On the other hand, if the solution is not an integer an extra branch-and-price is needed to carry out for the master program in order to find the integer solution. Fig. 2 depicts the overall iterative branchand-price procedure.
IV. NUMERICAL EXPERIMENTS
We use the IEEE 118-bus test system to demonstrate the use of the proposed planning tool. This test system has 185 transmission lines and 19 generators. The system total generation capacity is 5,859 MW, and its total peak load is 4,519 MW. Additional system data is available in [33] . We adopt the four load and wind generation scenarios used in [7] as shown in Table I and conduct two experiments using these scenarios. For the first experiment, we assume there is one wind power generator with a maximum capacity of 1,600 MW at Bus 91. For the second experiment, we assume we have three similar wind power generators, each with a maximum capacity of 1,600 MW, that are located at Buses 5, 26, and 91. We assume all wind power generators have zero marginal cost.
The procedure is implemented by using 64-bit CPLEX 12.6 under GAMS [34] on a DELL Inspiron 3847 computer with Intel Core-i7 processor at 3.6 GHz and 16 GB of RAM. In our numerical example, we use LT = 5 and ir = 5%.
A. Results of Experiments 1 and 2
In both Experiments, six cases representing different limits on the number of switches (ν) and TCSCs (η) are considered. The results of Experiment 1 are presented in Table II. Table II shows the location of switches and TCSCs and the compensation level of TCSCs as well as the amount of wind power dispatched under each scenario. The last two right-hand columns represents the cost associated with each case. The results show the addition of switches and/or TCSCs reduces the dollar per hour cost, but their impact diminishes as the number of installed devices increases. In addition, we observe: 1) adding both a switch and a TCSC together reduces the cost more than by adding just one of them; 2) installing one switch and adding one or two TCSCs has more impact on cost reduction than installing one TCSC and adding one or two switches; and 3) as the number of switches and TCSCs increase, more wind power is used resulting in lower total cost. The reason is because optimal placement of line switches and TCSCs enhances the flow capacity of the network; thus, allowing for increase use of cheaper wind power in the system. Fig. 3 depicts the convergence of the branch-andprice algorithm to the optimal solution for the three cases of Experiment 1.
The results of Experiment 2 are shown in Table III . This experiment is designed to show that as the availability of wind generation increases, its penetration increases when the power flow of a network is enhanced by installing switches and TCSCs. For example, under Scenario 1, the wind penetration increases from a total of 1,431.3 MW from the three wind sources when there are no added devices, i.e., ν = 0 and η = 0, to 2,202.3 MW when one switch and two TCSCs are installed. Similarly, under Scenario 2, the increase is from 1,843.6 MW to 2,845.3 MW. It is worth noting that after installing a switch and a TCSC (Case 4), the use of wind power located at Bus 26 decreased from 452.9 MW to 209 MW under the first scenario; however, the total wind power penetration increased from 1,431.3 to 2,012.1.
A very common question may be emerged that why we do not decouple the scenarios and solve N s separate MILPs (one for each scenario) and then combine the results of the MILPs to find the final solution. To examine this question, five smaller MILPs (one for each scenario) are solved while one wind generator installed at Bus 91, η = 1, and ν = 1. The results provide an investment strategy with three switches and four TCSCs. Total operation cost and investment cost equal to $935.53/hr and $51.463/hr, respectively. Compare to the results of Table II , although the operation cost decreases by $7.39/hr, the investment cost increases by $31.04/hr. Therefore, solving a stochastic program that aggregates all of the scenarios results in a better solution than solving separate MILPs for each scenario.
B. Computational Issues
The size of the solution space of a practical problem could be a computational hindrance to identifying the optimal placement of transmission switches and TCSC. For the IEEE 118-bus test case, the model has 186 × 185 possible solutions when there is a limit of one on the number of switches and TCSCs, i.e., η = 1 and ν = 1. Table IV shows the results of the both branchand-price and the standard branch-and-bound for solving the proposed model. The results show that the branch-and-price algorithm solves all of the considered cases to integer optimality in the root node; and, therefore, no branching is needed. As the number of allowed switches increases, the computational burden of each decomposed sub-problem also increases; and therefore, the total solution time in both methods increases. The computational time increases considerably when the number of scenarios N s increases. To avoid memory exhaustion, it is essential to increase the CPLEX memory limit. We increased the memory to 12GB by setting the parameter workmem for all instances. To find the best settings for the CPLEX solver, we conducted an automatic tuning of the model. The automatic tuning suggests setting parameters cutsfactor, mircuts, and rinsheur to 30, 1, and 100 , respectively. With the automatic tuning, the solution time considerably decreases. Additional discussion about issues related to solving difficult optimization problem can be found in [35] and [36] . It is worth noting that for some cases, we solved the model with GUROBI [37] solver and did not observe a difference in the resulting solutions when a specific limit was placed on the procedure run time.
V. CONCLUSION
It is known that compensating either the reactance of a certain transmission line or switching off and on specific lines could reduce the cost of energy. It was surmised earlier in this paper that combining these two options could have a more dramatic impact on the cost of energy. We proposed a decomposable stochastic program to find the optimal network switching and compensation investment strategies under different load and generation scenarios. The objective function of the model minimizes the generation cost and the investment cost of installed TCSCs. We used the general linearization technique to mitigate the nonlinearity of the model and the branch-and-price and column generation algorithms to efficiently solve the decomposed optimization model. The IEEE-118 bus system was used to test the applicability of the proposed model. The numerical results support our conjecture that combined optimal installation of TCSCs and switches reduces the cost of energy and increases the penetration of wind power. The experimental results show that the reduction in the cost of energy is not a linear function of the number of installed devices. 
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